We introduce a convenient formalism to evaluate the frequency-shift affecting a light signal propagating on a general curved background. Our formulation, which is based on the laws of geometric optics in a general relativistic setting, allows to obtain a transparent generalization of the Doppler frequency-shift without requiring to perform Local Lorentz transformations. It is easily applicable to stationary spacetimes, and in particular to the near-Earth experiments where geometry is described in the parametrized post-Newtonian approximation. We apply our recipe to evaluate the phase-shift arising in large-scale optical interferometric experiments, as the optical version of the Colella-Overhauser-Werner experiment.
I. INTRODUCTION
Optical interferometry has been crucial in formulation and testing the special and general theories of relativity from the early times until present day [1] [2] [3] [4] [5] . Relative motion between the emitter and the detector, as well as propagation in a gravitational field, lead to changes in frequency -the Doppler effect and the gravitational red-shift, respectively -that are used in precision tests of relativity [4] [5] [6] [7] [8] [9] . The kinematic and gravitational effects are often competing, and strenuous efforts are made to separate the effects of relative motion from pure gravitational effects in both frequency and phase measurements [8] [9] [10] [11] [12] .
As long as the effects of quantum electrodynamics and/or quantum gravity are not important [13] , the propagation of the electromagnetic field is governed by the appropriate classical wave equations on a fixed curved background [4, 14, 15] . For the minimally coupled electromagnetic field the vector potential A µ satisfies the linear equation
where ✷ := ∇ µ ∇ µ , with ∇ µ the covariant derivative, and R µ ν is the Ricci tensor that are associated with the background metric g µν .
The standard approach in classical and quantum optics [3, 16] is to describe the wave propagation by means of geometric optics and, if necessary, its corrections. These are derived by considering a decomposition of the vector potential as 
where ϕ (and Φ := ̟ϕ) are called the phase or the eikonal function, the amplitudes A n are slowly-varying on the appropriate scales and the large parameter ̟ is related to the peak frequency of the solution [3, 4, 15] . The eikonal and the amplitudes can be determined from the equations for the coefficients of the various ̟ −n terms that are obtained by inserting this vector potential into the wave equation and imposing the Lorentz gauge ∇ µ A µ = 0.
In this work our motivation is twofold. While the theory behind the calculation of the phase difference in optical interferometric experiments is long-established, not all of the implicit relations that are valid in a non-relativistic setting can be directly used in implementations that involve arbitrary motion in a curved spacetime. This is so even if the motion is slow and the spacetime is nearly flat, as in the regime of post-Newtonian approximation [17] . First, by using the invariance of phase under arbitrary coordinate transformations, we arrive to an explicit expression for the phase difference that is applicable in a general spacetime. This is essentially a re-statement of known results, but it is presented in a form that is particularly convenient for the post-Newtonian analysis.
As a corollary, we demonstrate how the frequency-shift, including the effects of both gravity and the relative motion, can be easily obtained. Both of these aspects are critical in satellite-based gravitational experiments, either in the LISA gravitational wave antenna [11] or in the proposed optical tests of the Einstein Equivalence Principle (EEP) [18, 19] .
Our second goal is to present the conceptual basis for the interferometric red-shift experiment to test the EEP proposed in Ref. [20] , where a Doppler-cancellation scheme isolating the desired gravitational effect is introduced.
This work is organized as follows. We summarize the necessary background and provide expressions for the evaluation of the phase in Sec. II. The frequency-shift is calculated in Sec. III, in two different settings, and its implications for large-scale optical interferometric experiments, as well as the key idea underlying the red-shift measurement proposal of Ref. [20] are analysed in Sec. IV.
Notation.-We label the coordinates of a spacetime point as x µ = (t, x), where x designates a triple of spacelike coordinates (x 1 , x 2 , x 3 ). These are given in a "global" coordinate frame, in contrast to the other "local" reference frames (such as that of emitters, mirrors, detectors, etc.) that can be established, with the trajectories parametrized either by their proper time τ frame or by the global coordinate time t. We use the signature (−, +, +, +) for the metric. The quantity r := | x| = (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 always stands for length of the Euclidean vector x. Both co-and contravariant vectors on a three-dimensional curved space are designated by the boldface font, e.g., k. Unless stated otherwise we use G = c = 1.
II. PHASE EVALUATION IN A RELATIVISTIC SETTING
The laws of geometric optics.-Within the domain of validity of geometric optics [3, 15] the wave vector
defines the propagation and the spatial periodicity of the wave. It is null (in all orders of the asymptotic expansion of Eq. (2)) and thus it satisfies the eikonal equation:
which is a restatement of the null condition in terms of the phase function. Taking the gradient of the null condition, ∇ µ (k · k) = 0, results in the propagation equation for the wave vector, that is
where the geodesic is affinely parameterised. The three-dimensional hypersurfaces of constant ϕ are null. In the high-frequency limit ̟ → ∞, these are the hypersurfaces of constant phase. The integral curves of k µ form a twist-free null geodesic congruence. These geodesics are the light rays of geometric optics. These rays can be also be thought of as trajectories of fictitious photons that generate the hypersurface Π Φ of constant phase Φ and at the same time are orthogonal to it due to Eq. (4) [4, 14] . The eikonal equation [Eq. (4)] is the Hamilton-Jacobi equation for massless particles on a given background spacetime. Its specific solution is determined by prescribing the phase on some initial spacelike hypersurface, e.g., Φ(t = t 0 , x). In the caustic-free domain the value of Φ at some point (t, x) is obtained by tracing the geodesic that passes through it to the point on the initial hypersuraface.
If we consider the vectorial nature of electromagnetic waves, the polarization vector is defined as f µ := a µ / a µ a * µ It is transversal to the null geodesic generated by k µ , and the Lorentz gauge condition implies the parallel propagation equation for the polarization:
Solutions of the Hamilton-Jacobi equation are particularly simple in stationary spacetimes, where the metric tensor is independent of the time coordinate. In such spacetimes existence of the timelike Killing vector ∂ 0 , such that ∂ 0 g µν = 0, ensures that ω 0 = − k[t 0 , x 0 ] 0 is constant along the geodesic.
If the frequency is fixed in the proper frame of a static observer then ω 0 has same value on all geodesics that emanate from x 0 . Given the orthonormal tetrad e (A) µ , A = 0, . . . 3, the conserved frequency is
where k A are components of the wave 4-vector in the proper frame of the observer. The 4-velocity of the observer defines its time axis. For a static observer in a stationary spacetime it is e (0)µ = δ µ 0 / √ −g 00 , and thus by orthogonality of the tetrad e (I) 0 = 0, for I = 1, 2, 3. As a result the conserved frequency depends only on the proper frequency and the metric.
Static observers follow the congruence of timelike Killing vectors ∂ 0 that defines a projection from the space-time manifold M onto a three-dimensional space Σ 3 . Using the Landau-Lifshitz formalism [21] [22] [23] the spacetime domain is foliated by the hypersurfaces of simultaneity Σ 3 (t) with respect to the static observer. This time t is the universal time that we use below. The foliation introduces the timeindependent spatial metric γ mn that determines geometric properties of the three-dimensional space Σ 3 .
The three coordinates of the point
Both spatial vectors and covectors on this space are obtained by simply retaining the spatial components, as k m = k m , and k m = γ mn k n ≡ k m .
Intersection of the hypersurface of simultaneity Σ 3 (t) with the hypersurface of the constant phase Π Φ results in the the instantenious two-dimensional surface Π 2 (t; Φ) of the constant phase of the wave front. While the four-vector k is tangent to the world line of a fictitious photon and orthogonal to the null hypersurface Π Φ , its three-dimensional projection k is perpendicular to the surface of constant phase Π 2 and tangent to the light ray in the space Σ 3 . In static spacetimes the geodesic equation and the evolution equation of polarization can be conveniently written in a three-dimensional form [22, 23] . If (t, x) is connected to (t 0 , x 0 ) by a null geodesics, then the coordinate travel time depends only on the spatial coordinates via some function T ( x; x 0 ) such that t − t 0 = T ( x; x 0 ).
Thus the leading term of the asymptotic expansion leads to the three laws of geometric optics [3, 4, 15] . Namely:
(i) Fields propagate along null geodesics. In stationary spacetimes their propagation can be visualized as the advance of a two-dimensional surface of constant phase in three-dimensional space that is guided by the light rays.
(ii) Polarization is parallel-transported along the rays.
(iii) Intensity satisfies the inverse-area conservation law.
The superposition of two or more light waves results in the appearance of interference. Phases, intensities and polarizations of the individual waves are calculated in the approximation of geometric optics according to the above rules (i)-(iii).
Phase evaluation.-Consider now a single null geodesic segment that connects two points -(t E , x E ) and (t D , x D )belonging to two timelike trajectories which are parametrized by their respective proper times, as sketched in Fig. 1 . One, s µ det (τ det ), represents a detector and the other, s µ tx (τ tx ), represents the transmitter. In the frame of the point-like transmitter, the phase of the emitted signal at the emission instant τ tx E is Φ E (τ tx E ) and can be written as where we assume a constant proper frequency ω tx and τ tx 0 determines the initial phase. We recall that the local frequency ω fr of the optical signal with wave vector k in some frame that is moving with the four-velocity u µ fr (τ fr ) is ω fr = −u µ fr k µ . Since the optical phase is constant along a spacetime trajectory of the photon, the phase of the signal that is detected at the spacetime location x µ D = s µ det (τ det D ) equals to the phase of the emitted signal at x µ E . Given the detection at x µ D of the signal with k µ , the coordinates of the emission event x µ E = s µ tx (τ tx E ) are found as the intersection of the backward propagated geodesic from the detection point with the wordline of the emitter, that is
where σ is the affine parameter and ξ µ (σ; k) is the spacetime trajectory of the photon. Using (i) the detected phase in terms of the properties of the emitter is given by
When it does not lead to confusion we simply write τ E ≡ τ tx E and τ D ≡ τ det D implying that we use the explicit form of the trajectories s µ tx (τ tx ) and s µ det (τ det ) to establish the relationship between the proper times of the emission and detection of a signal in the respective frames.
For a trajectory that consists of several geodesic segments the time procedure remains the same, but, in addition to the flight time, the phase changes at the nodes (such as π phases at the reflections) should be added to the final expression for the phase.
Consider now a two-beam interference where the beams arrive to the detector via two different paths. As not to clutter the expressions, we assume that the sums of the additional phases at the nodes of their respective trajectories are equal. Let the first and the second beams that arrive at x D to have the wave vectors k 1 and k 2 , respectively. Then the phase difference at x D is given by
where, in general, τ E (k 1 )) = τ E (k 2 ) due to the backpropagation, which is different for the two paths.
III. FREQUENCY-SHIFT EVALUATION

A. Emission-Detection frequency-shift
The relationship between the observed frequency ω det and the proper frequency ω tx in the setting of Fig. 1 follows from our previous discussion. The constancy of the phase [Eq. (9)] leads to
(11) In a general spacetime the relationship between the coordinate-times of emission and detection can be represented as
for some function T that implicitly captures the relation between the proper time of emission and detection in the respective frames. Hence, on a generic background we obtain the frequency-shift by differentiating Eq. (12) and solving
for dτ E /dτ D . Here the four-velocities are
and the proper time is related to the coordinate time via
The above expression allows to evaluate the frequency-shift in a generic background by noting that Eq. (11) can be re-written as
A more explicit expression is possible in a stationary spacetime, where Eq. (12) reduces to
where T ( x D ; x E ) is the interval of coordinate time that takes a null particle to travel from x E to x D , yielding
For the near-Earth experiments the spacetime is wellapproximated by the post-Newtonian expansion [4, 24, 25] .
The paramterized post-Newtonian (PPN) formalism admits a broad class of metric theories of gravity, including general relativity as a special case. The key small parameter is
where v is the velocity of a massive test particle or of some component of a gravitating body. The metric including the leading post-Newtonian terms (up to the second order in ǫ) is stationary and it is given by
with U ≡ U ( x) := GM Q(r, θ)/rc 2 denoting the gravitational potential around the Earth, including the quadrupole term
where J 2 = 1.083 × 10 −3 is the normalized quadrupole moment and the higher-order terms [26, 27] . R is the Earth equatorial radius. Given the established bounds on the PPN parameter γ [5] we set (1 + γ) = 2 in the metric. For a spherically-symmetric Earth in the leading post-Newtonian expansion, the photon time-of-flight is given by [24, 25] 
where
is the flat spacetime result and the leading post-Newtonian term is
with r i := | x i | the Euclidean length and
is the Euclidean unit vector along the Newtonian propagation direction. For what follows, we note that
We note that T PPN ( x; x 0 ) correctly satisfies (up to the second order in ǫ) the eikonal equation in Eq. (4) with the PPN metric of Eq. (20), i.e.,
Then, in the leading PPN approximation using Eq. (22) we obtain
and the PPN metric gives
allowing to write, for example,
so that at the second order in ǫ we obtain the standard expression [9, 10, 27 ]
for the frequency-shift. Using also the ǫ 2 -order time-delay term T 2 [Eq. (24) ] we obtain the frequency-shift that is valid up to O(ǫ 3 ). Its explicit form is given in the Appendix.
B. Emission-Reflection-Detection frequency-shift
In many practical situations, prior to the detection, the beam is reflected by a moving mirror. This is for example the case of the experiment realized in Ref. [28] and also the situation analyzed in Ref. [29] . We illustrate the analysis in this setting by considering the motion in a stationary spacetime. The path from the emission event E to the detection D now comprises two geodesic segments, E → M → D, where M stands for mirror.
Eq. (18) is now replaced by a pair of equations
that conveniently decompose the flight time t D − t E . Now, the constancy of the phase allows to write
as in Eq. (11) . The analogue to Eq. (17) now passes through M as
In the post-Newtonian approximation the two central ratios in the equation above are evaluated analogously to Eq. (28) by using Eqs. (32)-(33), yielding
and thus (up to O(ǫ 3 )) If the emission and detected occur at the same ground station then the first factor on the right-hand-side of above equation equals to unity.
IV. LARGE-SCALE OPTICAL INTERFEROMETRY
Measurements of the gravitational red-shift provide one of the fundamental tests of general relativity and metric theories of gravity in general [4, 5, 9, 24] . Possible violations of the equivalence principle (and, specifically of the assertion that outcomes "of any local non-gravitational experiment is independent of where and when in the universe it is performed" [5] ) can occur as a result of a subtle interplay between different sectors of the Standard Model and its extension. Hence, a purely optical test provides a new type of a probe.
A basic version of the interferometric red-shift experiment (that tests the "where" part of the above assertion) [18, 19] is represented in Fig. 2 , and it is known as the "optical-COW", that is the optical version of the Colella-Overhauser-Werner experiment [30] . A light pulse is coherently split into two on the ground by using an interferometer of temporal imbalance τ l = l/c, with l the length of the optical delay line. The two pulses are recombined at the satellite by using another interferometer with the same imbalance τ l . Since the two interferometers sit at different gravitational potentials there will be a gravitational phase difference between the two interfering paths. It is estimated as
where g is the Earth's gravity, h the satellite altitude and λ = 2πc/ω the sent wavelength. Putting the emitter on a ground-station (GS) and the detector on a low Earth orbit spacecraft (SC), ϕ gr results of the order of few radians, supposing, as in Ref. [19] , a delay of l = 6 km, λ = 800 nm and h = 400 km. However, if the relative motion of the emitter and the detector is taken into account [17] , then the first-order Doppler effect is roughly 10 5 times stronger than the desired signal ϕ gr .
Here we provide a careful evaluation of the phase difference and show its relation to the frequency-shift. This analysis underlines the Doppler cancellation scheme that is proposed in Ref. [20] . The key events of the proposed experiment are depicted on Fig. 3 .
Due to the Earth motion, the two pulses that recombine at the SC at the point D 2 of the diagram leave the GS at two different times. The signal that took the short path in the GSinterferometer left the ground at τ E1 , while the pulse that took the long arm is delayed by τ l and departed at τ E2 . The interference condition at D 2 and the back-propagations of the paths imply that the phase of the delayed pulse has to be evaluated at the instant τ C := τ E2 − τ l . Hence, the phase difference detected at the SC is
We will now show that for a sufficiently short proper delay time τ l the phase-shift in this scheme is proportional to the frequency difference ω det − ω tx . By defining ∆τ E := τ E2 − τ E1 , we have that and ∆τ E can be found from the relation
with ∆τ D := τ D2 − τ D1 ≡ τ l , where only the leading term in τ l is kept. Hence,
where the last equality follows from Eq. (11). This expression is the first-order approximation in τ l and is valid if both v E ≫ a E (dt E /dτ E )τ l and v D ≫ a D (dt D /dτ D )τ l hold, where a E and a D are accelerations of the GS and SC at the emission and the detection times, respectively. In the case of the PPN metric, the relation between ω det and ω tx can be obtained via Eq. (31).
V. SUMMARY
Many of the implicit assumptions of the interferometry, such as relationships between distance and time, or even the logical consistency of the assumption that two interfering beams have the same central frequency, are not valid in the relativistic setting. However, the primary interpretation of the phase difference as arising from the difference in the emission times allows to obtain compact expressions that provide the conceptual basis for analysis of interferometric experiments in general spacetimes.
Constancy of the phase on propagating wave surfaces in the geometric optics approximation allows for a simple generalization of the Doppler effect to curved spacetimes. The resulting expression does not require transformations between reference frames for its use. In the limit of a short delay time the phase shift in the proposed interferometric measurement of the gravitational red-shift is proportional to this frequency difference, confirming the original order of magnitude estimates and the unavoidable dominance of the first-order Doppler effect in the one-way interferometric red-shift experiment.
On the other hand, the first-order Doppler shift in the E → M → D case is twice the Doppler shift in E → D case. This allows to eliminate the first-order Doppler effect in the interferometric measurements where two data sets (at the ground station and at the satellite) are produced, as proposed in Ref. [20] .
